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Chosen values : b (extrusion speed), ¢* (outlet heater), T} (barrel temp.),
Control : gf(t) (inlet heat by mixing fed granules with different temperature)



Want to avoid

¥

Ink run out overheating

Problem : Stabilize ratio of granules/melt polymer



solid liquid

Goal : Design cooling heat ¢s(t) to achieve s(t) — s;.



Thermodynamic Modelling

PDEs (solid & liquid)

2

%(m t) = 8 Ts(x t) — b%(az t)+hs (Tp — Ts(x,t)) ,for 0 <z < s(t),
2

%(x,t) = ala fl](x ) — baT,l(CB t) —+ h| (Tb — ﬂ(:U t)) for S(t) << L,
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BCs
3Ts qr () 8TI Im
—2(0,t) = — 7 L,t)=""
SO0 =-12 Ty ="

Ts(s(t),t) = Ti(s(t),t) = Tm,



Thermodynamic Modelling

PDEs (solid & liquid)
aTs asz 8TS

—(az t) = (a: t) — b—(az t)+hs (Ty — Ts(x,t)) ,for 0 <z < s(t),
2
(Z'(a; 1) = oqa Tl(az )—baTl(:v £+ hy (Th — T, (2, £)) for (1) <z < L,
BCs
3Ts qr () 8TI Im
“250,1) = — 7 L t) =M
20, = -2, Hig, = %

Ts(s(t),t) = Ti(s(t),t) = Tm,

ODE (Interface dynamics)

(0 = B (ks (s, 8) = By 1 (), 1))



Model valid iff

Ts(xz,t) < Ty, for Vze (0,s(t)), Vi>0
Ti(x,t) > T, for Vax e (s(t),L), Vt>0



Model valid iff

Ts(x,t) < Ty, for Vxze (0,s(t)), Vt>0
T(x,t) > Ty, for Vo e (s(t),L), Vt>O0

Steady-State (SS)
Tieq(z) = pref@=sr) 4 pre@2(e=sr) 4 1,
Tseq(z) = p3eBE=sr) 4 predale=sr) 4 T},

where p; & q; are parameters calculated by known physical values.
* |f Tb = Tm & q}"n = 0, then Tsjeq(m) = T|7eq(:13) = Tm.



Model valid iff

Ts(x,t) < Ty, for Vze (0,s(t)), Vt>0
Ti(x,t) > T, for Vze (s(t),L), Vt>O0

Steady-State (SS)
Tjeq(x) = p1ed1=sr) 4 poed2(@=sr) 4 73,
Tseq(z) = p3eBE@s0) 4 ppetale=sr) 4 74,

where p; & g; are parameters calculated by known physical values.
* |f Tb =T & qun = 0, then T&eq(l‘) = T]’eq($) = Tm.

Lemma : If the barrel temperature satisfies
ITm—q<T,<Tm—+gq

where q¢ & g are parameters calculated by known physical values, then
Tseq(z) < Tm & Tjeq(z) > Tm .



Assumption : Liquid temperature is at SS, i.e., Tj(z,t) = Tj ¢q(x)



Assumption : Liquid temperature is at SS, i.e., Tj(x,t) = Tj ¢q(x)

Reference Error States

u(z,t) = ks(Tseq(x) — Ts(x,t)), X(t) = s(t) — sr



Assumption : Liquid temperature is at SS, i.e., Tj(x,t) = Tj ¢q(x)

Reference Error States

u(a;,t) — k‘s(Tsjeq(ﬂ?) - Ts(CC,t)), X(t) — S(t) — Sr

Reference Error System
ou 0%u ou
g—t(a’), t) :(XS@(a?, t) — b%(CU, t) T hs’U,(x, t))
8—Z(O’t> =—-U(t), u(s(t),t) =ks(Tseq(s(t)) —Tm),

X(8) =~ B s(0), 1) +  (KsTheq (5()) — KT eq(5(1))),



Assumption : Liquid temperature is at SS, i.e., Tj(z,t) = Tj ¢q(x)

Reference Error States

u(z,t) = ks(Tseq(x) — Ts(x,t)), X(t) =s(t) — sr

Reference Error System

ou 0%u Ou
a(w, t) ZQS@($, t) — b%(x, t) — hsu(z, ),

%(O’t) = —U(t), wu(s(t),t) =ks(Tseq(s(t)) —Tm).

X(0) == B0, 0) + B (KsTheq (5() — KT eq((1)))

Linearize blue eq. around s(t) = s;.



Linearized Reference Error System

8u( 0 2y
" — e’
ot S@xz

%(o,t) =—-U(t), wu(s(t),t) =CX(1),

(2,8) — b2 (a2, ) — hsu(z, 1),
ox

X(6) =AX(1) ~ B (s(0), ),

where C & A are obtained by known values, and C > 0.



Linearized Reference Error System
2.,
@(af t) —ozsa (z,t) — b—(af t) — hsu(z,t),
@m H=—U@, ulst)t)=CX(),

X(t) =AX (1) — —(s(t) ),

where C & A are obtained by known vaIues, and C' > 0.
Backsteppinng Transformation

w(z,t) = u(z,t) — 7 cb(a? —y)uly, t)dy — ¢(z — s(£)) X (1),

s



Linearized Reference Error System
ou 02w
B t f— S
ot (1) * a2

%(O,t) =—-U(t), u(s(t),t) =CX(1t),

(2,8) — b2 (2, ) — hsu(a, 1),
ox

X () =AX(1) ~ B (s(0), ),

where C' & A are obtained by known values, and C > 0.
Backsteppinng Transformation

w(at) = u(e,t) = 2 [ o(x = puly.Hdy - 6@ - s) X,

os Jx
Target System
ow 02w Ow
E(x7 t) — Qs 8332 (xa t) _ b@(x, t) o hs’U)(CB, t)

+ () (z —s()X (), 0<z<s(t)

ow b
E(O’t) :?wsw(O’t)’ w(s(t),t) = CX(t),

X() = (A=) X() ~ B (s(), )



Control law (derived by transformation & target system)

U0 = 52w~ 2 [ e i - 1o)X ),
where 1) = (=)~ 16(-2)



Control law (derived by transformation & target system)

01 = 0,0~ 2 " @y, e — 1se)x 1)

s s

where f(z) = ¢'(—z) — v¢(—=).

Theorem : Under T}, = T3, & g5, = O, the control law makes the closed-loop
system exponentially stable in the norm ||Ts(z, t) — Ts eq (ac)||32LL1 + (s(¢) — s1)2



Control law (derived by transformation & target system)

01 = 0,0~ 2 " @y, e — 1se)x 1)

s s

where f(z) = ¢'(—z) — v¢(—=).

Theorem : Under T, = T}, & qf, = 0, the control law makes the closed-loop
system exponentially stable in the norm ||Ts(z, t) — Ts eq (:E)||72{1 + (s(t) — s7)?

Note : Under T, = T, & ¢/, = 0, the problem is equivalent to
2
22, 1) =as_5(a,0) — b2 (2, 8) — hsu(z, 1),
0,6y =—U®), uls(t).t) =0,
ox

X() =~ BO (), )



Control law (derived by transformation & target system)

01 = 0,0~ 2 " p@yuta, i rse)x 1),

os als

where f(z) = ¢'(—z) — v¢(—=).

Theorem : Under T, = T)n & g5y, = O, the control law makes the closed-loop
system exponentially stable in the norm ||Ts(z, t) — Ts eq (a:)||72_L1 + (s(t) — s7)?
Note : Under T, = T, & gy, = O, the problem is equivalent to

8u( 0 02w
ot S@xQ

%(O,t} — _U®), u(s(t),t) =0,

(z,t) — ba—u(w, t) — hsu(x,t),
ox

X(5) =~ B s(0), ),

Apply the designed control to the original two-phase model in numerical simula-
tion




Numerical Simulation

L =10[cm], s, = 5 [cm],
Ty, = 145 [°C], T, = 135 [°C], ¢, =100 [W/m?]
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Numerical Simulation
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The boundary temperature remains a reasonable value



Future Work

e Observer-based output feedback control

e Relax assumption of T;(z,t) = Tj ¢q(x), and design for two-phase dynam-
ics

e Experimental verification of thermodynamic model



