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Objective: Design heat control ¢.(¢) to achieve
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State-dependent moving boundary — Nonlinear



Assumption : Initial interface position sg > 0, and
initial temperature Ty(x) is Lipschitz (H := Lip. const.)

O0<Tolx) —Tm < H(sg —x)
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Assumption : The past input maintains non-negative, i.e.

gc(t) >0, —D <Vt<DO.



Model valid iff

T(x,t) > Ty, for Vxe (0,s(t)), Vi>0

How to guarantee this?



Model valid iff

T(x,t) > Ty, for Vxe (0,s(t)), Vi>0

How to guarantee this?

Lemma If|q.(¢t) > 0|Vt > 0, then s(¢) > 0Vt > 0and

T(x,t) > T, V€ (0,s(t)),Vt >0
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Energy Conservation
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e For model to be valid (single melting interface), heat must be added.
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Energy Conservation
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e For model to be valid (single melting interface), heat must be added.

e When heat added, total energy (internal + stored) grows.

e Since total energy grows, energy corresponding to setpoint must be greater
than initial energy



Sr
The following assumption necessary (beoause /o (Tr(x) — Tim)dx = O)

Assumption : Setpoint s, chosen to satisfy

sr>so+5< [ - Tz + [ 404 )



Theorem The control law
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where ¢ > 0, makes the closed-loop system globally exponentially stable in the
norm
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Theorem The control law

t k k
ac(t) = —c ( | oo+ [EERT G, ) — Tm)de + Z(s(8) - m) ,

where ¢ > 0, makes the closed-loop system globally exponentially stable in the
norm

T — Tonl|3y, + (s = sr)?.

Note : Control law is nonlinear because of In integration limit.



Explanation of Design
Reference errors

u(x,t) =T (x,t) —Tm, X(t):=s(t)— sr
Change of variable

v(x,t) ;= qc(t —x — D) /k



Explanation of Design
Reference errors

w(x,t) .= T(x,t) — Ty, X@):=s(t)— sy
Change of variable
v(x,t) ;= qc(t —x — D) /k
(v, u, X)-system

’Ut(iU,t) - = vﬂ?(wat)a —D <z <0

v(—D,t) =qc(1),
uz(0,t) = — v(0,1),
ut(x,t) =auge(x,t), 0 <z < s(t)

u(s(t),t) =0,
X (t) = — Bux(s(t), ).
PDE PDE
T vy = — vy, Ut =QUgg, X (t)
() | u(s(t), t) =0,

ODE

T




Explanation of Design

Backstepping transformations

(m

w(x,t) =ulx,t) — 2

(z — y)uly, t)dy — E (z — s(£)) X (t)

C s(t
z(x,t) =v(z,t) + c/o v(y, t)dy + a/O

T

u(y, t)dy + gxw

— both are nonlinear transformations



Explanation of Design

Backstepping transformations

c [s(t) c
wet) =ute.) = £ [ @~ pyuudy - £ - @)X

o Jx
0 c [s() c
(. 0) =v(e,0) +e [ Coly,Ddy+ - [T u(y, Dy + X @)

— both are nonlinear transformations

Target system
zi(x,t) = — zz(x,t), —D<xz<O
z(—D,t) =0,
wz(0,t) = — 2(0,1),
wi(z, ) =ozwm(ac,t)—|—%é(t)X(t), 0 <z < s(t)
w(s(t),t) =0,
X (t) =—cX(t) — Bwx(s(t),1).
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Model validity
Proposition Controller maintains q.(t) > 0 and sg < s(t) < sy.

Proof:

gc = —c (total energy — setpoint energy)

Ge(t) = —cqe(t) .. qe(t) = qe(0)e™ >0

Lyapunov analysis with s(¢) > 0 and sg < s(t) < s, yields the norm estimate
W(t) < Mw(0)e ",

for some positive constants M > 0 and b > O,
where W (1) = ||/U||$_[1(_D,o) T ||u||$_[1(0’8(t)) + X(t)Q-



Numerical Simulation
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Numerical Simulation

Compare with uncompensated control

ko s(t) k
gc(t) = —c¢ (E/o (T'(z,t) — Tm)dz + E(S(t) - 8r)> :
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Numerical Simulation
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Future Work

e Observer design under sensor delay

e Adaptive control under unknown delay



